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A methodology is presented to obtain approximate models from input - output data, 
particularly oriented to implement a model-predictive control scheme. Causal, time- 
inuariant nonlinear discrete systems with a certain type of continuity condition called 
fading memory are dealt with. To synthesize the nonlinear model a finite-dimensional 
linear dynamic part (discrete Laguewe polynomials) is used, followed by a nonlinear 
nonmernoly map (single hidden-layer perceptron). Results of the application to approxi- 
mate and control a binary distillation column are presented. 

Introduction 
A methodology is presented to obtain approximate models 

from input-output data, particularly oriented to implement a 
model predictive control (MPC) scheme. In this strategy, the 
system behavior is optimized in some sense over a time hori- 
zon. The feature of the predictive control schemes is the ex- 
plicit use of a system-dynamic model to evaluate the effects 
of the future control actions over the system output. Choos- 
ing the horizon large enough ensures stability, that is, larger 
than the maximum time required to steer the system to the 
origin from any state. In many systems this horizon may be 
large. Therefore models have to predict over large horizons 
without degrading the prediction performance. Particular ap- 
plications that use linear models are the algorithmic model 
control (Garcia et al., 1989) and dynamic matrix control 
(Hernandez and Arkun, 1990). However, nonlinear behavior 
is the rule rather than the exception in the dynamic of physi- 
cal systems. Most physical devices have nonlinear characteris- 
tics outside a limited linear range. Chemical processes have 
values that saturate, connecting lines whose time delays vary 
with flow rate, reacting mixtures that obey power law, and 
separation units that are very sensitive to input changes and 
disturbances. These are the reasons a nonlinear model is used 
in the implementation of the MPC. One possible way to deal 
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with this nonlinear model is following the classic modeling 
route. However, there are some drawbacks in this approach: 

1. The assumptions made in deriving the model can be too 
restrictive or not very realistic. Therefore, the model might 
not capture the essentials of the behavior of the process. 

2. Some limits may be completely unknown or very diffi- 
cult to estimate. 

3. Models may be very complex, leading to a large set of 
differential equations. 

Another common approach is to build the model directly 
from the observed behavior of the process itself. This leads to 
a way of modeling called system identification. The bulk of the 
work in this field starts with representing the process as a 
black box. Great effort has been made to use conventional 
ways in the development of nonlinear system approximation 
methods (De Figueiredo and Dwyer, 1980; Leontaritis and 
Billings, 1985; Korenberg and Paarmann, 1991; Pottmann et 
al., 1993; Boutayeb and Darouach, 1995) and by novel ap- 
proaches like neural networks (Moody and Darken, 1988; La- 
pedes and Farber, 1989; Narendra and Parthasarathy, 1991; 
Lin Lin et al., 1995). Multilayer neural networks have been 
widely applied (Lippman, 1987; Hush and Horne, 1993) in a 
great variety of fields, including system identification. Imple- 
mentations in the field of model predictive control using neu- 
ral networks models are in Donat et al. (19901, Hernhndez 
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(19901, Temeng et al. (19921, and Ishida and Zhan (1995). A 
wavelet-based model is used in Elias-Juarez (1992), while the 
use of recurrent neural networks may be found in Williams 
and Zipser (19891, Narendra and Parthasarathy (1991), and 
Chen and Weigand (1994). 

Among all the methods, there are only a few available re- 
sults proving that a specific identification model may approxi- 
mate a certain kind of nonlinear system. Korenberg and 
Paarmann (1991) have proposed a method for identifying fi- 
nite sums of parallel cascades, each composing a linear dy- 
namic and nonlinear static. This scheme is valid for any dis- 
crete, causal, finite-memory systems that continuously map 
small input changes into small output changes. Boyd and 
Chua (1985) have shown that every nonlinear operator with 
fading memory can be approximated by a linear time-in- 
variant operator followed by a nonlinear polynomial readout 
map. For discrete systems the linear dynamic part is chosen 
to be a tapped delay time of the inputs. Also, Sandberg (1991) 
showed that discrete-time causal time-invariant systems hav- 
ing approximately finite memory can be uniformly approxi- 
mated arbitrarily well by a tapped delay time of the inputs 
followed by a multilayered perceptron. This scheme is diffi- 
cult to implement when the system memory is large due to 
the large amount of input-output mapping involved. For ex- 
ample, if the system memory were 40, the tapped delay line 
would take 40 past inputs. This implies that the nonlinear 
mapping would be R40 + R. The results of Stone (1982) sug- 
gest that if the function is not known and the dimension is 
high (e.g., higher than lo), the only option is to assume a high 
degree of smoothness. If the function to be approximated is 
not sufficiently smooth, the amount of needed information 
would be totally impractical. Then we need another way of 
synthesizing the linear dynamic part of the model, which leads 
us to a manageable approximation problem of the nonlinear 
without memory map. 
In this article we will present a model structure comprising 

a finite set of discrete Laguerre polynomials and a neural 
network. We will show that every discrete nonlinear system 
with fading memory may be approximated arbitrarily by this 
structure. The use of neural networks for approximating a 
nonlinear nodmemory map is supported by the results of Cy- 
benko (1989) and Funahashi (1989), who proved that any 
continuous function can be uniformly approximated by a neu- 
ral network model with only one hidden layer. In this way, a 
small dimension map is achieved in the nonlinear part by in- 
creasing the complexity of the linear part. The resulting model 
is nonlinear, easily identifiable from input-output data and 
can predict the future response of the system over arbitrarily 
large time horizons. This feature makes this approximation 
structure especially suited for nonlinear predictive control 
schemes. We will also discuss strategies to determine signifi- 
cant parameters: the pole of the Laguerre polynomial, the 
number of them, the number of the neurons in the hidden 
layer, and how to bound the time horizon. 

The article is organized as follows. In the next section we 
state notations and definitions. In the third section a method 
to develop approximate nonlinear models based on discrete 
Laguerre systems and neural networks is discussed. In the 
fourth section a nonlinear model predictive control strategy 
using the approximate model is developed. In the fifth sec- 
tion an illustrative example, consisting of a binary distillation 

column, is presented. We conclude in the sixth section with 
some general remarks. 

Notation and Definitions 
Here we state the notations and definitions that will be 

needed for our presentation. For this purpose, let I, denote 
the n-dimensional unit cube [0, l]" and C(I,) the space of 
continuous functions on I,, with the supremum norm I1 f 11. Z 
will denote the integers, 2,; (2- ) the nonnegative (nonposi- 
tive) integers. Past (future) time will be denoted by nonposi- 
tive (nonnegative) integers. Let I" be the space of bounded 
sequences (i.e., functions 2 --f R )  with the norm: 

IIulIm: = suplu(k)l. (1) 
k 

A function F:I"(Z_ ) + R is called a functional on Im(Z- ), 
and a function N:l" + I" is called an operator. We will usu- 
ally drop the parenthesis around the arguments of function- 
als and operators, writing, for example, Fu for F(u)  and N(u)  
for N(uXt). U, will denote the T samples delay operator de- 
fined by 

(2) ( U , U ) ( k )  = : U ( k  - 7).  

Time Inuariant. An operator N is time-invariant (TI) if 
V, N = NU. for all T E Z. 

Casuality. N is causal if U(T) = V ( T )  T 5 k implies Nu(/?) 
= Nu(k). 

Fading Memory. An operator N:l" + I" has fading mem- 
ory on a subset K of I" if there is a decreasing sequence 
w:Z+ + (0,1], lim w(k)  = 0, such that for each u,  u E K and 
given E > 0 there is a S > 0 such that 

k - . m  

Intuitively, an operator has fading memoly if two input sig- 
nals that are close in the recentpast (but not necessarily close 
in the remotepast), yield present outputs that are close. For 
dynamical systems, fading memory is related to the notion of 
a unique steady state. 

Method to Approximate Nonlinear Discrete 
Systems 
In this section we will develop a methodology for approxi- 

mating nonlinear discrete systems. It is well known that a 
great variety of systems can be approximated by a linear com- 
bination of Laguerre systems. The identification structure may 
be easily increased in this simple approach. Besides, the 
identification task is robust with respect to the choice of sam- 
pling interval, as well as to the choice of model order (Wahl- 
berg, 1994, 1991). The main feature in those schemes is that 
the linear system can be expressed as a linear combination of 
orthonormal systems, generated with the same pole. The only 
necessary previous knowledge of the systems is reflected in 
choosing this pole, closely related to its main time constant. 
Furthermore, the identification process is not so sensible with 
respect to this parameter. The next theorem follows and ex- 
tends this idea. 
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We continue with a discussion on how to select the just 
mentioned parameters, but first, we give a brief introduction 
to the discrete Laguerre polynomials. 

I q-y Perceptron . 1 
Figure 1. Proposed structure consisting of Laguerre 

system with neural network. 

Theorem. Let K be any ball in I”, K :  = { u  E I”lllull I M,,  
M ,  > 0), and suppose N is any TI operator: 1-4  I“ with fad- 
ing memory on K .  Then, there are a set of M Laguerre op- 
erators {Lo(.), L,( . ) ,  ..., L,,,-,(-)} and a neural network 
N N I M  --f R such, that for all u E K ,  

where I’? is given by 

Prooj See the Appendix. 
This theorem ensures that a certain class of nonlinear sys- 

tems can be approximated by a “nonlinear combination” of 
Laguerre polynomials. This idea can be traced back to Wiener 
(1956), who used a polynomial for this nonlinear combina- 
tion. In Figure 1, we can see the approximation structure 
composed of a set of discrete time Laguerre systems (linear 
dynamic part) and a neural network (nonlinear nonmemory 
map). Why not use a polynomial? There are some reasons to 
prefer a neural network. 

In a polynomial the number of coefficients may blow up 
when the number of variables increases. 

It is very easy to overfit the data set. Some mechanism 
exists in neural networks to deal with overfitting. 

When the degree of the polynomial is high, it is not easy 
to deal with stability due to the bad conditioning of the data 
matrix. 

These problems are overcome by many neural networks, 
for example, the multilayer perceptron. One of the main dis- 
advantages is the character of the black box function estima- 
tor of the neural networks. The parameters of the multilayer 
perceptron structure are the number of hidden layers and the 
number of neurons in each hidden layer. We are faced with 
an architectural definition of the Laguerre-neural network 
structures. This implies 

Pole evaluation of the Laguerre polynomials. 
Number of Laguerre elements. 
Selection of the neural network structure. 
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Discrete-time Luguerre systems 
Application of continuous Laguerre networks in system 

identification apparently goes back to Wiener (1956). Dis- 
crete versions of the Laguerre expansions can be found in 
Wahlberg (1994, 1991) and the reference cited therein. The 
whole set can be expressed in the complex Z plane by 

L , ( z ) = -  [ - l - a z ] n ,  n:O, ..., m, (6) 
2 - a  2 - a  

where 
Ln(z)- z-transform of ln(k) ,  the nth order discrete Laguerre poly- 

nomial 
a = generating pole, such that la1 < 1 

is discrete, T = 1 

Some of their relevant properties are: 
(a) This set of polynomials is exponentially stable. We can 

express the polynomials in a transformed field as L,(z )=  
C7,uZ,(k)z-k for la1 < 1, which implies that the series is ab- 
solutely convergent for IzI > Jal. Particularly choosing I = z l ,  
such that ( u l <  (zll < 1, which implies that Z ~ = , l I , ( k ) ~ ; ~ l  <m. 
Then, since the series is absolutely convergent, there exists a 
finite constant A ,  such that ( I , ( k ) ~ ; ~ l <  A .  A suitable choice 
to bind Jl,(k)J is to take A = n + 1, and r = Iz,), 1111 < f < 1. 
Then, 

With this selection of r ,  Il,(k)l must approach zero at least 
exponentially as n + m. 

(b) This set of discrete Laguerre polynomials is orthonor- 
ma1 in the sense that 

(c) Furthermore, the span of the functions l , (k)  is dense 
in 12(2+). The pole a of the expansion can be estimated 
according to 

T 
a = l - -  

td ’ 
(9) 

where td expresses the dominating time constant. We will as- 
sume that a rough estimate of t ,  is available or can be ob- 
tained (Zervos et al., 1988). The estimation of a defines the 
whole set of the polynomials. 

Up to this point we have only determined the pole of the 
Laguerre systems. The remaining problem in our modeling 
approach is the evaluation of the number of Laguerre sys- 
tems and the neural network architecture. These topics are 
closely related, and in the following section we will see how 
to estimate them. 
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Evaluation of the nonlinear no memory map 
In the present work we will use the multilayer perceptron 

neural network. The multilayer perceptron is made up of one 
or more hidden layers between input and output layers. The 
layers are composed of computing units called nodes, which 
are interconnected together. The inputs propagate through- 
out the net in the conventional way (Rumelhart and McClel- 
land, 1986). 

From Figure 1 it can be appreciated that there exists a 
one-to-one correspondence between the Laguerre systems 
and the neural network inputs. The number of these systems 
is the same as the number of inputs of the neural network. 
As a consequence it is only necessary to evaluate the number 
of inputs and hidden nodes of the neural network. These pa- 
rameters completely define the neural network structure. 

As we have shown, 
the number of Laguerre systems and of the network inputs 
are the same (see Figure 1). To evaluate this number we will 
use the method suggested in Xiangdong and Haruhiko (1993). 
We have the following input-output formulation: 

Evaluation of the Number of Inputs. 

where Zk is a row vector [l X M ]  where each component 
z j (k )  = L j -  ,u(k)  is the input signal, 1 filtered by the ( j  - 1)th 
Laguerre system. We will drop the parenthesis and note yk 
instead of y ( k ) .  f( .) represents the neural network, a contin- 
uous and smooth multivariable function over some region, 
with partial derivatives assumed to be bounded: 

where M ,  K are positive values. Our objective is to recon- 
struct the nonlinear f ( - )  from the data pairs ( z k , y k ) ,  k : l ,  
. . . , N assuming there are enough available. Let Z:[ N X MI 
be the matrix with each row composed by 

Z ,  = [ ~ ~ ( k ) ,  ..., z , ( k ) ] ,  k : l ,  ..., N .  (12) 

The Lipschitz quotient qij can be defined as 

where qij is a ratio of two quantities, these being IIZi - Zjll, 
the distance of two points in the input space, and 116yl1, the 
difference between f ( Z i )  and f(Zj). As the function f( . )  is 
continuous, the Lipschitz condition states that the quotient 
must be bounded: 

According to the previous definitions, taking 6 = maxi16,] and 
lfil I K ,  the bound in the Lipschitz quotients qij is obtained 
by using Schwartz's inequality: 

where the superscript M in q t  represents the number of 
Laguerre systems to be used. Let M, denote the desired 
number of Laguerre systems. Hence if all zi, i : l ,  . . . , M,, 
variables are included in the reconstruction of function fCZ) 
and given that f(Z) satisfies 1 f j l  5 K ,  the Lipschitz quotient 
for all data pairs is ( Z i , y i ) .  Two possible situations arise in 
this scene: 

(1) M < M,, that is, the number of Laguerre systems M is 
less than the desired M,,. 

If one of the input variables is not included (e.g., z M )  in 
the reconstruction of the unknown function, the distance in 
the input space becomes J C  62,)' + ( 6z,I2 + . . . + ( 6z,- . 
However, the distance of the two corresponding points in the 
output space remains the same. Lipschitz quotient qp- ' is 

2 

PYI qp-1= d( 6Z1Y+ ( 6 Z , l 2  + . . . + ( sz,,- 1 >2 

If,6Z,+f26Z,+ ... +f,06ZMnI 
. (18) - - 

d(8Z1)2+ (6Z2l2+ . . . + ( 6ZM,- 1 )2  

It is easy to see that the Lipschitz quotient 4P-l (with miss- 
ing z,) will be much larger than qp (in which all correct 
input variables are included). 

(2) M > M,, that is, the number of Laguerre systems M is 
greater than the desired M,. 

When a redundant variable is included, from the preceding 
analysis it is easy to see that qF+' will be only slightly smaller 
than q?, but not significantly. 

On the basis of the previous discussion, we should be able 
to identify the optimal number of inputs, using the informa- 
tion of the Lipschitz quotients. Doing so, we will define the 
following index: 

0 I qij I L .  (14) 

Sensitivity analysis can be applied for the input-output for- 
mulation: 

6 y  = fl 6z1 + f2  62, + . . . + f, 6 Z M ,  (15) 

where 6 y  = f(ZJ - f ( Z j )  and fi are the partial derivatives of 
f(z) with respect to each component i of z. Then, 

(19) 

where q M ( k )  is the kth largest Lipschitz quotient with the 
variables (z1,  z2,  . . . , z,) among all qf ( i  # j;i,j = 1, 2, . . . , 
N ) .  This index is a geometric mean of the p largest values 
from the qy set, where p is a positive integer (usually se- 
lected as p = aN, a E [0.01,0.02]). From the previous analysis 
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it was shown that if M, is the number of optimal variables, 
q M 0 + '  is very close to qMu; however, qMu-' is much larger 
than q M O .  Moreover qM0-' is much larger than qMo-' and 
qMo+' is very close to qMo+'. Hence if one plots the curve of 
q M  vs. M ,  one can observe that beginning from some value 
M,, qM enters a saturated range. However, qM with M < M ,  
increases significantly. Taking y as a cutoff constant, M ,  can 
be selected as the number of inputs that make 

~ , = m i n [ q ~ / q ~ + ~ < y ] .  (20) 
M 

We have just estimated the value of the a pole of the La- 
guerre systems and the number of these systems. Moreover 
we know that this number is the same as the number of neu- 
ral network inputs. We also know that we need a single hid- 
den-layer perceptron (see theorem). In the following section 
we will introduce a methodology to estimate the number of 
hidden-layer nodes. This is the final parameter that com- 
pletely defines the Laguerre-neural network structure. 

Evaluation of the Number of Neurons of the Hidden Layer. 
The hidden-layer neuron's number is evaluated by using a 
singular-value-based methodology (Sentoni et al., 1993; Nebot 
et al., 1993). Previous results (Sartori and Antsaklis, 1991; 
Huang and Huang, 1991) show that for n different training 
patterns, it is sufficient to use n - 1 hidden-layer neurons. 
Coming from pattern classification studies, this estimation 
usually gives an overestimation in the number of hidden-layer 
neurons when it is applied to function estimation. Moreover, 
given this first approximation in the number of hidden-layer 
neurons, unaccounted factors exist that can influence that 
number. These factors cannot be evaluated before applying 
the training algorithm. We will discuss a procedure to obtain 
a realistic bound in the number of such neurons. This tech- 
nique can be included in the pruning techniques. Thus it is 
possible to use the following approach. 

Let us assume a neural network with only one hidden layer. 
Let us have M inputs and N training patterns. Let 2:" X 
MI as in Eq. 12, the matrix with each row consisting of an 
input pattern. This network maps input-output values in the 
following way: 

and X = diag{ui}, a1 2 . . . 2 uH. If a matrix X has rank = k 
< H ,  then will 
be significantly smaller than a,. This implies that H - k lin- 
early dependent columns exist in X .  Then it is possible to 
determine the condition number of the matrix X ,  and analyz- 
ing the values of the ui, to adjust the number of neurons that 
the hidden layer should have. Thus the number of singular 
values of X different from zero help us to estimate the num- 
ber of hidden-layer neurons. Values of a, close to zero imply 
excessive numbers of nodes in this layer. The methodology 
has been applied in our experiments with remarkable suc- 
cess. 

We have finished introducing our approximation results. 
Now we will present the necessary formulas for another 
well-founded approximation method: the cascade-parallel 
model, which will be used for purposes of comparison. 

+ , = 0, i = 1 . . . H = k. In practice a, + 

Cascade -parallel model: Korenberg approach 
The Korenberg cascade-parallel method (Korenberg and 

Paarmann, 1991) is suitable for any nonlinear, causal, finite- 
memory, discrete, time-invariant system. It consists of paral- 
lel connection sections composed of linear dynamic systems 
cascaded with nonlinear static systems, Figure 2. Mathemati- 
cally the model may be represented as follows: 

where z , [k]  is the output of the ith linear/nonlinear cascade 
path. Suppose that we have calculated up to an ( i  - 11th cas- 
cade, then: 

1. Calculate yi- , [ k ] ,  n = 0, . . . , N ,  the residue remaining 

after estimating the ( i  - 11th cascade y [ k ]  - zi[ k ]  
j =  , - l  1 i 

2. If y,- ,[k],  the remaining residue is small enough then 

i 
(where y,[kl= y[kl) .  

stop. 
else approximate the residue ~ , - ~ [ k ]  by an ith cascade. 

of 
3. For m = 0, . .., R,  let h,[rn] randomly set equal to one 

where W ,  and W, are the weight matrices for the hidden and 
the output layer, respectively, and Y is a column vector con- 
taining the predicted output patterns. The activation function 
is applied componentwise: 

Linear Dynamic 

\ 
I 

f (k) 
Linear Dynamic 

g ( z )  = ( 1  - e-'")/(1+ e-"). (22) 

We begin the training process, and after some time we stop it 
and propagate the Z matrix through the hidden layer. We 
obtain: 

x = g(ZWJ, (23) 

where X is [ N  X HI,  H being the number of neurons in the 
hidden layer and N the number of training patterns. Any 
matrix X : [ N  X H ]  can be expressed using a singular-value 
decomposition, as X = U'.  C V, with U:[N x HI, V:[H x HI 

Linear Dynamic 

Figure 2. Parallel-cascade approximation structure. 
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the sign of the delta term is chosen at random. 
the constant A is randomly selected from 0, . . . , R.  
E is made to tend to  zero, for example, E 

=y,”_ l[kl/Y2[kl.  
R 

4. Calculate x i [ k ]  = C h,[m]u[k - m]. 

5. Next a polynomial pi(*) with input x i  is best fitted to 
yi- over the interval n = 0, . . . , R. This determines the non- 
linearity in the cascade, and then the output zi can be calcu- 
lated. 

m = O  

6. Set i = i + 1 and goto 1. 
We have stated our approximation methodology and we 

have briefly introduced the Korenberg approach. We will fin- 
ish this section with a brief summary of the complete La- 
guerre-neural network methodology. 

Summary of the Laguerre -neural network modeling 
methodology 

We will assume that there are enough data pairs (u(k) ,  
y(k)) ,  k = 1, . . . , N available for the approximation process. 
Then: 

1. Evaluate the a pole of Laguerre systems, using Eq. 9. 
2. Evaluate the number Ma of Laguerre systems by using 

the Lipschitz quotients. 
Filter the available training data with the Laguerre systems 

evaluated in step 1 to complete the 2 matrix as in Eq. 12. 
Then evaluate M, using Eq. 19. Now 2 is [ N  X Ma] with 
Z ( k )  = [z , (k) ,  . . . , zw,(k)], k:l, . . . , N. See Figure 3 for a typi- 
cal plot. 

3. Evaluate the number of hidden layer neurons using the 
singular value decomposition (SVD) technique. 

Begin the training process with the set ( Z ( k ) ,  y k ) ,  k : l ,  . . . , 
N evaluated in step 2. After some time, stop the training 
process and propagate the Z matrix through the hidden layer 
to obtain X = g(ZW,>. X is [ N X HI, H being the number 
of neurons in the hidden layer. According to the criterion 
given in the section on evaluating the number of neurons in 
the hidden layer based in the singular values decomposition 
of A’, select the suitable quantity of neurons from the hidden 
layer. 

4. Continue training the single hidden-layer perceptron 
and validate the Laguerre-neural network structure. 

The preceding procedural description gives the steps to ob- 
tain the approximate models. Step 4 will not be treated here 
because it is a common topic in the neural network literature 
and a subject for discussion in itself. In the next section we 
will show how to use the Laguerre-neural network approxi- 
mate models in a nonlinear predictive control scheme. 

Nonlinear Predictive Control Using Approximate 
Models 

The dynamics of physical systems are usually dominated by 
nonlinear behavior. Most physical devices have nonlinear 
characteristics outside a limited linear range. In most chemi- 
cal processes, understanding the nonlinear characteristics is 
important for controller design. For example, chemical proc- 
esses have valves that saturate, connecting lines whose time 
delays vary with flow rate, reacting mixtures that obey power 
law, and separation units that are very sensitive to input 
changes and disturbances. Also there are phenomena such as 
incomplete mixing whose effects are not well understood. The 
combination of such effects may be unpredictable. This is the 
main motivation for using nonlinear models of the systems. 

The feature of the predictive control schemes is the ex- 
plicit use of a system dynamic model to evaluate the effects 
of the future control actions over the system output. Particu- 
lar applications are algorithmic model control (Garcia et al., 
1989) and dynamic matrix control (Hernhdez and Arkun, 
1990). In both cases, the control action at time t comes from 
minimizing a performance index that may involve states, in- 
puts, outputs, and possibly some restrictions over them 
(Garcia et al., 1989). Donat et al. (1990), Hernandez and 
Arkun (19901, and Temeng et al. (1992) implemented neural 
networks models. In Elias-Juarez and Kantor (1990), a 
wavelets-based model is used. In these implementations, the 
next predicted output is evaluated on the basis of lagged val- 
ues of previously predicted outputs. Among other authors 
(Williams and Zipser, 1989; Narendra and Parthasarathy, 
19911, Chen and Weigand (1994) have used recurrent neural 
networks for the model. In this work a recurrent neural net- 
work is used to model the nonlinear function that relates 
states with its derivatives. It is assumed that all the states are 
measurable. If this were not the case, nonlinear observers 
could be used (Michalska and Mayne, 1995). However, these 
approaches have the disadvantage of great complexity and a 
time-consuming training algorithm. 

Mayne and Michalska (1993) treat the problem of receding 
horizon control of nonlinear systems expressed in state vari- 
ables. It is stated as a problem of control wherein the system 
at state x and time t is obtained by determining on-line the 
control l i, which solves an optimal control problem over the 
interval [ t ,  t + TI, and setting the current control equal to 
l i(t). Repeating this calculation continuously yields a feed- 
back control (since the control action $( t )  depends on the 
current state x). The finite-horizon-constrained optimal con- 
trol problem is usually posed as that of minimizing a quadratic 
function over the interval [ t ,  t + TI, subject to the constraint 
x ( t  + T )  = 0. The parameter T is chosen to be larger than the 
maximum time required to steer the system to the origin from 
any state. By doing so, the constraint x( t  + T )  = 0 assures 
stability. Furthermore, as suggested in Mayne and Michalska 
(1993), the control can be discretized in time, thereby reduc- 
ing the optimal control problem to a finite-dimensional non- 
linear programming problem. 

The problem formulation is stated as: 

T TI 

min C Ily,,, - ~ d , + ~ l l * € ? ~  + C I l A ~ , + ~ - l l l ~ R j ,  
j = 1  j =  1 

st Au, = 0, j = TI, ..., i”, (25) 
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Figure 3. Lipschitz number as function of the number of 
inputs for distillation example. 

where {u,), { y , ) ,  {yd,)  are the input, output, and reference 
sequences. The control action Au, at time t is chosen as the 
first element AuY of the minimizing sequence {Aug, ..., 
AuF+, , - , ) .  The sequences Qj and Rj were fixed to unitary 
values. The remaining problem is how to select the control 
horizon T in a convenient way to achieve some degree of 
stability. Mayne and Michalska (1993) pointed out that T 
must be selected to be larger than the settling time of the 
system. In our model formulation, the dynamic part is linear 
and it is represented by the set of the Laguerre systems. Then 
the major dynamic behavior is due to the highest order La- 
guerre system ln(k) .  A suitable way to bound the time hori- 
zon T is to consider Z,(k) approximated by its first N terms. 
This implies that the contribution of the terms greater than 
N is negligible. Let Gnu and G,”. be the response of ZJk) to 
the input signal u, considering the infinite impulse response 
and the N-terms impulse response of ln(k), respectively. By 
the assumption of fading memory and taking Gnu = 0 in Eq. 
A7 and Eq. A8, it can be shown that: 

It is easy to see that the preceding relation tends to one 
when N increases, This shows a bound to the major dynamic 
behavior considering only the first N terms of Zn(k). Then, 
taking the time horizon T > N ,  this is enough to ensure sta- 
bility. Figure 4 shows the plot of this relation when the pole 
is a = 0.55 bounded by r = 0.56, for N varying from 0 to 20. 
For N >  14 the curve is very close to one, meaning that it is 
enough to take the control time horizon T greater than 14 to 
deal with stability. In the next section we will use all our pre- 
vious results to approximate and control a binary distillation 
column. 

Application to a Binary Distillation Column 
In this section we will apply the strategy discussed earlier 

in the approximation and control of a binary distillation col- 
umn. Furthermore, we will compare our approximation re- 

0.6 I’ 

-04 1 
0 2 4 6 8 10 12 14 16 HorizonLength 

Figure 4. Bound in the time horizon T for distillation ex- 
ample. 

sults with the Korenberg approach. For the control part, we 
will contrast our results with a model predictive strategy us- 
ing a linear model. 

Nonlinear input - output model: Approximation results 
A model of the column was available in the MATLAI3 en- 

vironment, assuming constant molar overflow and a given rel- 
ative volatility profile. In this specific example the input and 
the output are the reflux flow rate and the distillate cornposi- 
tion of the column, respectively. Figure 5 shows the plot of 
the top composition steady states for different reflux flow 
rates. This figure shows the typical behavior of a distillation 
unit with its marked saturated region. Three regions can be 
distinguished in the plot: below 0.95, between 0.95 and 0.99, 
and over 0.99. The system can be approximated by linear sys- 
tems in the region below 0.95 (see Z1) and over 0.99 (see 1 2 ) ,  
as can be seen from the inset in Figure 5. Moreover, it can be 
easily appreciated from the inset that the major nonlinear 
behavior is in the range [0.96,0.99]. No matter how a line can 
be placed tangent in this range, it could not approximate the 
systems over it. It is precisely in this range where the over- 
head product lost in the bottom is minimized. This is the 

xss. 

0.95 

0.9 

0.85 

180 170 180 190 2w 210 220 

I I I I I I i I 

140 150 160 170 180 190 200 210Refluxss. 

Figure 5. Top composition steady states for different 
reflux values. 
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(a) System top composition, Korenberg ap- 
proximation, and Laguerre-neural network 
approximation; (b) Korenberg approximation 
error in the train set (IITrainSet€rrorl12 = 
0.0161) and the test set (IITestSet€ffofl12 = 
0.0489); (c) Laguerre-neural network approxi- 
mation error for the train set (IlTfainSet€ffofl12 
= 0.0034) and the test set (IlTestSet€ffofl12 = 
0.01 22). 

want good control in this range, so we choose to 
approximate theiop composition in between 0.89 and 1 (in- 
cluding the major nonlinear section). In this way we generate 
a pseudorandom binary sequence (PRBS) of different fixed- 
length input steps, with its amplitude varying according to a 
normal distribution. Then they were conveniently scaled to 
produce an output into the chosen range. The reboiler heat 
function was kept fixed to the equilibrium point. The re- 
sponse of the system to this set of inputs was obtained by 
integrating the set of differential equations, taking into ac- 
count a zero-order hold in the input. In other words, the in- 
puts were held fixed by a time of dt = 0.01, being the sample 
time at which the discrete model approximates the continu- 
ous system. Two different data sets were generated. One of 
them, called the training set, was used to get the approxi- 
mated models by both methods. The other one, called the 
testing set, was used for testing the quality of the approxima- 
tion. The following two sections will compare our approxima- 
tion results with those obtained with Korenberg's approach. 

Parallel - Cascade Model. We followed the procedure de- 
scribed in the preceding section with the following assump- 
tions. The number of parallel cascades was limited to 20. This 
was because of the incremental decrement of the error with 
higher numbers. The length of the impulse response of each 
linear dynamic system was limited to 30 because no improve- 
ment was obtained beyond this limit. The maximum order 
allowed for the polynomials was up to 15 to prevent numeric 
instability. An optimal-order search was implemented inside 
of this limit. Figure 6 shows the real and approximated out- 
puts, while Figure 6b shows the error plot with a ((TruinSetEr- 
rurllz = 0.0161 and a (ITestSetErurl(2 = 0.0489. 

Lagueme- Single Neural Network Scheme. The first step in 
our approximation procedure is to evaluate a, that is, the 
pole of the Laguerre systems. It results in a = 0.55, since this 
was the dominant time constant. 

We followed the procedure of the section on the evalua- 
tion of the number of inputs to evaluate the number of La- 
guerre systems. Using the input of the training set filtered by 
lo(k),  . . . , l&), we evaluated the Lipschitz quotients shown 
earlier in Figure 3. It is easy to see that there are no signifi- 
cant variations in the value of the Lipschitz quotients when 
the number of inputs is greater than four. Now we only need 
to define the neural network structure. We know that only 
one hidden layer is sufficient, and that the number of inputs 
is the same as the quantity of Laguerre systems. Using the 
procedure detailed in the section on the evaluation of the 
hidden layer's neurons; the hidden layer neurons were cho- 
sen to be equal to five. 

The last step in the approximation method is to train the 
neural network. We got the signal to train it by taking the 
input signal filtered by the four Laguerre systems. This data 
set was scaled onto the range [ - 1,1] to avoid bad condition- 
ing in the neural network training process. We have used a 
sequential quadratic programming technique with analytic 
gradient evaluation to speed up the training time and to im- 
prove the generalization. However, this is not an appropriate 
algorithm for on-line training. Backpropagation schemes 
(Narendra and Parthasarathy, 1991) or the recursive predic- 
tion error algorithm (Billings et al., 1991) should be used in 
this case. 

Finally, we had our model composed of five Laguerre sys- 
tems followed by a Perceptron with five hidden-layer neu- 
rons. Figure 6 shows that the real and approximated output 
are almost the same, while Figure 6c shows the error plot 
with a (1TruinSetEmurllz = 0.0034 and a (ITestSetEmur(lZ = 
0.0122. 

Nonlinear model predictive control 
Now we will use the approximate model embedded in the 

model predictive scheme. In this case, assuming the line- 
feed-level perturbation to be a measurable one, we were able 
to synthesize a misomodel, even though we have not yet 
demonstrated it. In this way our model was enlarged due to 
the inclusion of this second input, that is, of the line-feed-level 
perturbation: Doing so it was necessary to include two more 
Laguerre systems with a generating pole a = 0 driven by the 
second input: The final model was made up of two Laguerre 
sets: set one, Io(k) to l,(k) generated by a = 0.55 (associated 
with the reflux); and set two, l,(k) to l,(k) generated by a = 0 
(associated with the line-feed-level perturbation). The 
single-layer perceptron had seven inputs, connected to both 
Laguerre sets, and nine hidden-layer neurons. A state space 
linear model was also identified using the System Identifica- 
tion Toolbox of Matlab. The optimal size was chosen to be of 
order 3, with two inputs and one output. Both models were 
adjusted with the same data set, and the approximation re- 
sults of both models can be appreciated from Figure 7. It can 
be seen that the nonlinear Laguerre-neural network model 
greatly outperforms the linear one in the whole range of the 
approximation. 

One of the relevant parameters of the MPC scheme is the 
length of the control horizon. Taking into account that the 
major dynamic is due to l ,(k) with a = 0.55, and applying 
the ideas expressed in this section, we evaluated T = 14 (see 
Figure 4) and left TI = T .  We tested our model and the linear 
model in a setting where the system was moved to three dif- 
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ferent setpoints. This was done in the region of the major 
nonlinear behavior of the system with its closed-loop per- 
formance specified by the following difference equation: 

(27) 

The sequences Qj (see Eq. 25) were fixed equal to 10 for 
both cases. In the linear model case, slowing down the con- 
trol action by modifying the R j  sequence was the only way to 
stabilize the system. Figure 8 shows the reference, and the 
system’s response by both the linear and the nonlinear mod- 
els. The method to be followed was known beforehand, in- 
cluding three different setpoints which are 0.992, 0.962, and 
0.977 for the top composition. The applied perturbation to 
the line-feed level can be seen in the bottom plot of the same 
figure, with the scale to its right. It is easy to see that the 
nonlinear model manages to control the system with better 
performance than the linear model does. 

Dealrsd Response 
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Figure 8. Model predictive control results. 
Distillation column response for the MISO linear model and 
for the MISO Laguerre-neural network model. 

Conclusions 
In this article we have presented a methodology to obtain 

approximate nonlinear input-output models from available 
data and used these models in an MPC scheme. We have 
shown that any discrete nonlinear operator with fading mem- 
ory can be approximated by a finite set of Laguerre systems 
with a single hidden-layer perceptron. The resulting model is 
nonlinear, easily identifiable from input-output data, and can 
predict the future response of the system over arbitrarily large 
time horizons. It is very common in control applications to 
deal with resonant systems. In those cases, the quantity of 
the required Laguerre systems for a given approximation 
would be high. The use of Kautz functions (Whalberg, 1995) 
should resolve the problem. For time-delayed systems simply 
including the discrete dead-time of the plant in the Lagukre 
bases would be sufficient. In this context, several important 
aspects of the model-building procedure within a model-based 
control scheme were discussed, such as the selection of the 
number of inputs, number of neurons, as well as the estima- 
tion of the size of the control time horizon. 

Finally, applying the proposed methodology to approxi- 
mate and control the binary distillation column was dis- 
cussed, showing the feasibility of the approach to deal with 
typical operation units. The proposed scheme is applicable to 
a broad class of systems and is suitable for an adaptive imple- 
mentation to cope with time-varying systems. Future lines of 
investigation include the formalizing for MISO and MIMO 
cases. 
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m 

ln(i)u(- i ) -  l,(i)u( - i )  
i = O  i = O  

Appendix 
Relevant theorems 

In the following we will state the two main theorems that 
will be used to prove our main approximation result: The 

, (A3) 

Stone-Weirestrass theorem and the single-layer perceptron 
approximation theorem. 

Stone - Weierestrass Theorem (Dieudonne, 1969; Boyd and 
Chua, 1985). Suppose E is a compact metric space and G a 
set of continuous functionals on E that separates points, that 
is, for any distinct u ,  u E E there is a G E G such that Gu f 
Gu. Then for any continuous functional F on E and given 
E > 0, there is a polynomial p:RM 3 R and GI, G,, ..., G, 
E G such that for all u E E 

Single-Layer Perceptron Approximation Theorem (Cybenko, 
1989). Given any f EC(I,), cr any continuous sigmoidal 
function, and E > 0, there is a finite sum of K terms N N ( x )  = 

ajr(yj’” + O,), with y j  E R”, 6,, aj E R the parameters 

of the neural network, for which INN(x ) - f ( x )J  < E for all 

K 

j =  1 

X € I,. 

Approximation theorem 
We have to prove that any discrete nonlinear time- 

invariant operator having fading memory can be approxi- 
mated by a finite set of discrete-time Laguerre polynomials 
followed by a single hidden-layer perceptron. First, we will 
make use of the Stone-Weierestrass theorem to prove that 
the continuous nonlinear nonmemory map is just a polyno- 
mial. Then, we will use the well-known single-layer approxi- 
mation theorem that states that every continuous nonlinear 
nonmemory map can be approximated arbitrarily well in a 
compact set by a single hidden-layer perceptron. Doing so we 
have to prove the following Lemmas: 

The set of functional G, associated with the 
discrete Laguerre operators are continuous with respect to 
weighted norm given by 

Lemma 1. 

Proof Con5der the set of functionals G: = {Go, GI, . . .}, 
where Gnu = l,(i)u(-- i) is the functional associated with 

the operator L,(z). We will say that a weighting function 
w’(n) dominates w(n)  if w’(n) 2 w(n) ,  V n .  For purposes of 
the demonstration it is only necessary to rename the domi- 
nating weighting function w’(n> as w(n). Let w(n) = 1/1+ n 
be the weighting function. Then 

i =  0 
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We have to bound the last term in Eq. A5. We know that 
Laguerre polynomials are exponentially stable, hence by Eq. 
7 

N 
Let S ( r ,  N) = c ri = (1 - r N ) / ( l  - r). Taking the derivative 

of ( d / d r )  c r i  = c ( d / d r ) r i  = r - l  ir' and since 

(d/dr)S(r, N )  = (1 - rN-')/(l - r)', we have c r'(i + 11 = (1 

- 2rN + rN+l)/(l - r)2. Using the last equation, we can 
bound: 

i =  0 
N N N 

i = o  i = o  i =  0 
N 

i = O  

N 

where the functional G,u = c l,(i)u( - i) uses only N-terms 

of the impulse response of l,(i), Taking the limit N -+ 00, that 
is, considering the infinite impulse response, gives 

i = O  

Then given any E > 0, taking ((u(i)-  u( i ) ( ( ,  I 6, with 6 = ~ ( 1  
- r)'/(n + 1) by Eq. A8 IG,u - G,ul< E ,  which proves Lemma 
1. 

Lemma 2. 
Proof: 

The G, separate points in l"(Z-) .  
Suppose ul, u2 E R Z - )  such that Gnu, = Gnu2 for 

all n. Let u = u1 - u2,  so that G,u = 0 for all n.  We will show 
that u = 0, and this proves that the discrete Laguerre func- 
tional separates points in l" (Z- ) .  The G, can be expressed 
as: 

Note that [u(-  i )a@]  E 1 2 ( Z + )  and [ Z , ( i ) ~ - ~ f l ]  E Z2(Z+ ). The 
span of the functions [l,(i)a-'p] is dense in Z2(2+), so we 
conclude that [u( - i )aif l ]  = 0, and hence u = 0. This proves 
that the discrete Laguerre functional separates points in 

K-: = {u E lm(Z- )Illull I M I }  is compact with 
I Y Z -  >. 

the weighted norm given by 
Lemma 3. 

lIullw: = sup lu(k)lw( - k ) .  
k s O  

Pro08 
Now given > 0, by Lemmas 1, 2, 3, and the 

For a proof of this, see Boyd and Chua (1985). 

Stone-Weierestrass theorem, we conclude that 

Finally, we have to prove that there exists a single hidden- 
layer perceptron "(.) for which INN(x)- p ( x ) l <  e2, E~ > 
0. Since u E K * (lull I M ,  it is easy to see that x i  < IILi- 
5 ci, ci > 0, i : l-  M .  Taking ti 5 (xi/ci), i:l- M ,  6 E I,, and 

p (  6 E C(Z,). By the single-layer perceptron approximation 
theorem there exists a neural network "(6) for which 
l N N ( [ ) - p ( [ ) l < ~ ~  for all [ G I , .  Hence given E > O ,  e =  

+ e2 there exist a single hidden-layer perceptron N(.) that 
approximates p(  a )  arbitrarily well, and 

IFu - NN(GOu,Glu, . . . ,GM- ~ u ) I  < E .  (Al l )  

With each time-invariant operator N we associate a func- 
tional F on l"(Z-),  defined by 

for u E Zm(Z- ), where 

(A131 

is just a continuous extension of u to I". The operator N can 
be recovered from its associated functional F through 

where P:l" -, lm(Z-)  truncates an element of l Y Z )  into an 
element of 1"(Z- ): 

Then, N is continuous if and only if F is, so the preceding 
equations establish a one-to-one correspondence between 
time-invariant causal continuous operators N and continuous 
functionals F on Z"(Z-). 

Now let y E K and t E R. Then PU-,u E K - ,  hence 

Since the last equation is true for all t E R, we conclude for 
all u E K 

IINu - I E .  (A16) 

In other words, it is possible to approximate any nonlinear 
discrete time-invariant operator having fading memory on K, 
with a set of finite-dimensional discrete Laguerre-like sys- 
tems followed by a single hidden-layer perceptron. This com- 
pletes the proof. 
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